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Random Matrices: Expectations

@ A central topic in Random Matrix Theory is the study of
eigenvalues of large dimensional random matrices initiated by work
of Wishart (1928, [26]) and Wigner (1955, [25]).

@ Here is an illustration of Wigner's result:

Eigenvalues of singele GUE X_N where N= 150

Figure: Eigenvalues of a N x N selfadjoint Gaussian random matrix at
size N = 50, 150, and 750.
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Random Matrices: Expectations

Let Xy be an N x N selfadjoint random matrix whose upper-triangular
entries are i.i.d. standard complex Gaussian and scaled by ﬁ

Theorem (Wigner 1955, [25])

For any integer k > 1,

lim E[NTr XN}_ / k\/& — x2dx.

N— oo

Whenever the above conditions hold for X = (Xy)nen, we say that the
random matrix ensemble X has a limiting distribution.
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Random Matrices: Expectations

We say a unitary valued random matrix Uy is Haar distributed when its
distribution is given by normalized Haar measure on the unitary group

U(N).

For any integer k # 0,

lim E “/ Tr(uk,)] =0

N— o0

which is exactly the moments of the uniform probability on the unit circle.
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Random Matrices: Fluctuations

Now that we know the asymptotic eigenvalue distribution, we can ask
about the fluctuations around these asymptotics. *

Theorem (Fluctuations for selfadjoint Gaussian r.m.’s)

For any polynomial p,

Tr p(Xn) — E[p (Xn)] 72 N (0,07)

!Started in 1982 by Jonsson [11], later in 1998 Johansson [9], and refined in
2001 by Cabanal-Duvillard [3] .
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Random Matrices: Fluctuations

Theorem (Diaconis-Shashahani 1994, [7])
For any polynomial p(1) = 0,

disi
Tr p(Un) Et:: N (0, 0,23)
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Free Probability

@ In 1983 Voiculescu [23] developed a non-commutative analog of
probability theory know as free probability.

@ His goal was to answer an operator algebraic question know as the
"free group factor" problem.

Operator

Free Probability Algebras
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Free Probability

@ In 1991 [22] he discovered that classically independent random
matrices become "freely independent" in the large dimensional limit.

Random -
Matrices Free Probability
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Asymptotic Freeness

Theorem (Voiculescu 1991, [22])

@ Independent selfadjoint Gaussian random matrices (Xl(d), . 7Xéd))
are asymptotically free.

@ Independent Haar-distributed random unitary matrices
(de), o Uéd)) are asymptotically free.
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Asymptotic Freeness

where we say

Definition (Asymptotic Freeness g = 2)

Two random matrix ensembles X = (Xy)nen and Y = (Yy)nen with
limit eigenvalue distributions are said to be asymptotically free if for all
p>1andall ny,my,...,n,,m, > 1, we have

Jim E[er (X — o) (i —ak) - (Xp - ok ) (Yar — )]
—0.
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Free Probability

@ In 1994, Speicher [19] developed a combinatorial framework for
Voiculescu's work on freeness and limiting distributions using
non-crossing partitions. In particular a combinatorial description for
"free cumulants".
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Free Probability

@ From 2006-2013 the relationship random matrix theory and free
probability at the level of fluctuations ([16],[15],[17],[14]) and
leading to the notion of second-order asymptotic freeness®.

2The real and complex settings differ, and universality does not generally
persist for multi-matrix models at second order.
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Free Probability

@ First-order free probability describes limiting moments, while
second-order free probability captures fluctuation moments, that is,
limits of covariances.
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Weak and Strong Convergence

@ It turns that a lot of the important random matrix models are
almost surely asymptotically free.
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Weak and Strong Convergence

@ For the Haar unitary ensemble this means for any polynomial p in g
non-commuting indeterminates

1

dTr p (Uid)7 ey Ué(,d)) — 7 (p(u1,---,ug)) almost surely

where uy, - -+ , ug "freely independent" operators living in some
"non-commutative probability space" (A, 7) (more later).3

3referred to as weak convergence
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Weak and Strong Convergence

@ For the Haar unitary ensemble this means for any polynomial p in g
non-commuting indeterminates

%Tr p (U{d), cee Uéd)) — 7(p(u1, -+, ug)) almost surely

where uy, - -+, ug "freely independent" operators living in some
"non-commutative probability space” (A, 7) (more later).?

© Can we replace the normalized trace with other functions on
matrices? Such as norms?

3referred to as weak convergence
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Weak and Strong Convergence

© Yes, we have
Hp (U§d), . 7Ué(,d))H — |7 (p(u1,--- ,ug))| almost surely

where uy, - -+, ug "freely independent" operators living in some
"non-commutative probability space” (A, 7) (more later).3

@ The breakthrough came in 2005 from Haagerup—Thorbjgrnsen [8]
which established the above result for independent selfadjoint
Gaussian random matrices. Later, in 2014, Collins and Male [5]
extended this result to the Haar unitary setting.

3referred to as strong convergence
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Why do we care?

@ Random matrix theory and free probability provide a new framework
to studying classical problems in complex analysis and operator
theory, such as the strong Szegé limit theorem.

@ The novelty lies in the fact that none of the single-variable
techniques extend to a multivariate analog, necessitating a
fundamentally new approach.

@ This will be the focus for the remainder of the talk.
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Toeplitz Matrices

Let f : T — C continuous, and for each integer n, denote its Fourier
coefficients by ¢, := f(n). The matrix

Co cC1 C2 C_(d—1

(a] Co C-1 € (d-2)

Tq4(F) = (&) C1 Co o C(d-3)
C(d—1) Cd—2 Cd-3 - )

is called the truncated Toeplitz matrix associated with the symbol f.
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The Classical Strong Szeg6 Limit Theorem

The Strong Szeg6 Limit Theorem* is a statement about the
asymptotic behavior of Toeplitz determinants as the matrix size d — oc.

Theorem (SSLT in Determinental Form)

Let f : T — C be continuous. Suppose the Fourier coefficients c, satisfy:
> leal <00 and Y |n||cyl? < oo
n€eZ nez

Then, as d — co:

1
log det T4(e") = dey + 2 Ze; riencea ot

*The first proof was given by Gabor Szeg6 in 1952 [21].
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A Probabilistic Approach to Strong Szego

Remarkably, the same coefficients appearing in the Strong Szegé
Theorem also govern the fluctuations of linear eigenvalue statistics for
random unitary matrices.
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A Probabilistic Approach to Strong Szego

"Coulomb gas representation' (1915 [20])

Let f € L1(T). Then

det T4(f) = P / Hf A (6)* a6,
71' Td

where

A(9) = H e — effv|.

1<pu<v<d
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A Probabilistic Approach to Strong Szego

Weyl integration formula (1925 [24])
Let F : U(d) — C be an integrable class function. Then

BIF ()] = gizmy [, F (0o 00) A 00,

where

A(9) = H e — effv|.

1<pu<v<d
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A Probabilistic Approach to Strong Szego

Let f € L1(T). Then

det To(f) = Jizmy / Hf A (0)* df,
71' Td

"Coulomb gas representation' (1915 [20])

A

Weyl integration formula (1925 [24])
Let F : U(d) — C be an integrable class function. Then

BIF ()] = gizmy [, F (0o 00) A 00,

.

where

A(9) = H e — effv|.

1<pu<v<d
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A Probabilistic Approach to Strong Szego

@ In particular for continuous symbol f : T — C,

det Ty (&) = Eq [det (exp f (U))].

@ The probabilistic approach to the Strong Szegd Limit Theorem
relies on averaged determinants over the unitary group U(d), with
no mention of Toeplitz matrices.
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A Probabilistic Approach to Strong Szego

Probabilistic approaches to SSLT were developed by:
@ Johansson (1988 [10]): Introduced the probabilistic framework.

@ Bump-Diaconis (2002 [2]): A combinatorial proof using
symmetric functions.

Theorem (SSLT in Probabilistic Form)

Let f : T — C be continuous. Suppose the Fourier coefficients c, satisfy:

Z |cn| < 00 and Z |n||cal® < o0

nEZ neZ

Then, as d — oo:

log Eq [exp (Tr £(U))] = dco + % > Inleac—n + o(1) (1)
neZ

v
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A Fluctuation Results

Corollary (Fluctuations of tracial power series)

Suppose the sequence (c,) satisfy >,y [cal, D ez nllcal? < o0.
Let
Gy = Trz c, UL,
nezZ

Assume in addition that c, = ¢,—1 (so that Gy is real-valued). Then for
all real numbers t we have

Jim (105 E [exp(£Gy)] — tEGy) = (; % |c,,|2|n|> 2 (2

In particular, the sequence (Gg — EG4)52; converges in distribution to a
normal random variable with mean 0 and variance 13", _, |ca[?|n|.
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NC-Functions

@ Let F, denote the free group on g generators {71, ,7g}.

@ Given a reduced word w € Iy, let U™ denote the corresponding
monomial in the U; and U}.

@ Example: if w = 4oy 7273, then

U” = Uy Us Uy Us.

@ We denote the length of the reduced word by |w|.
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An "Easy" Free Strong Szeg6 Limit Theorem

Theorem (Jury, Roman, v.R.)

Suppose ¢ : Fy — C is admissible’, and ¢ = 0. If
Z lcw| |w| < 400
WE]Fg

then

dIi_)mooEd exp TrZ cU"Y || =exp Z cwew-twl | . (3)

wel, WE]Fg
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An "Easy" Free Strong Szeg6 Limit Theorem

Theorem (Jury, Roman, v.R.)

Suppose ¢ : Fy — C is admissible?, and ¢ = 0. If

Z lew| [w| < +o0

WE]Fg

then

) s 1
dll—>mooEd exp TrZ cw U =exp | 5 ZCWCW71|W| . (3

welF, weF,

?A technical assumption not needed for existence of the limit; imposed to
obtain a simpler expression for the limit.
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A Fluctuation Results

Corollary (Fluctuations of tracial power series)

Suppose c : F, — C satisfies the in the theorem and
let
Gy :=Tr Z cw U™,
weF,

Assume in addition that c,, = T, =1 (so that Gy is real-valued). Then for
all real numbers t we have

. 2
Jim_(log E [exp(£Gy)] — tEGy) = % lewPw] | 2. (4)

In particular, the sequence (Gq —EG4)32 , converges in distribution to a
normal random variable with mean 0 and variance " lcw|?|w].

WE]Fg
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Proof Outline

Step 1: Second order asymptotic freeness

@ First suppose c is finitely supported.

@ Second order asymptotic freeness [15] gives you

exp | Tr Z c, U | L=, exp (Z)
weF,

where Z is a centered, complex Gaussian.

@ Moreover we can compute the pseudo-variance

E[Z?] = Z CwCw—1|W|

weF,

by means of "second order freeness".
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Proof Outline

Step 2: Concentration

Theorem (Meckes—Meckes; 2013 [12])

Let F :U(d)® — R be a L-Lipschitz function denote Uy, ..., Uy
independent Haar-distributed d x d unitary random matrices. Then

2
P(|F(Us,...,Ug) > t) Sgexp<d(t—IEF(Ul,---,Ug)I) )

24[2

for every t > [EF(Us, ..., Ug)|.
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Proof Outline

Step 2: Concentration

© By an concentration argument, the sequence Tr Zwemg C U™ has
sub-gaussian tail bounds uniform in d, and we obtain convergence
of means as in the statement.

O
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Proof Outline

Step 2: Concentration

© By an concentration argument, the sequence Tr Zwemg cw UDY has
sub-gaussian tail bounds uniform in d, and we obtain convergence
of means as in the statement.

And the general case follows from an approximation argument again
using the concentration phenomena. O
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Linear Pencils

@ Next we ask for which nc-functions does our "easy" SSLT apply?

@ We define the evaluation of the monic linear pencil Ly on a g-tuple
of d x d matrices X as follows:

g
La(X) == k@ lg+ > A @ X;.
i=1

Here, the coefficients A; are k x k matrices, and the Xi,--- , X, are
d x d matrices, and ® denotes the Kronecker product.
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Consequences of "easy" SSLT

@ Classical: If p(A) < 1, then classical Strong Szeg6 imply

lim Eq [|det(l® Iy + A® U)ﬂ —det (/- A® A) "

d—oo

where A a k X k matrix.
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Consequences of "easy" SSLT

@ Free: If supy ||La(U)|| < 1, then "easy" Strong Szegé imply

g 2 g -1
det <1k®ld+ZA,-®U,-> = det (/ZA,-@A,-)

i=1 i=i

lim Ed
d—oo

where Ay, --- Az are k X k matrices.
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Consequences of "easy" SSLT

@ Classical: If p(A) < 1, then

lim Eq [|det(l® Iy + A® U)ﬂ —det (/- A® A) "

d—oo

@ Free: If supy ||La(VU)]|| < 1, then

g
det (Ik ® Iy + ZA,' ® Ui)

i=1

2 g -1
] = det (/ZA,-@A,-)

i=i

lim Ed [
d—oo
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Domain of Convergence

@ If supy [|[La(U)|| < 1, define ¢ for w € F by

and apply "easy" SSLT.

@ Although

1
g 2
sup [|[La(V)] <1 = p(ZA;@A,-) <1
u i—1

the converse is not true in general.
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A Multivariate Phenomenon (g=1 and g=2)

2 _
Eigenvalues of La(U) with p(A) < 1 and p(>. A; @ A))Y/2 < 1:
-1

1

-~k

A
-

Figure: Single variable

Figure: Multivariate
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A Multivariate Phenomenon (g=1 and g=2)

2 _
Eigenvalues of La(U) with p(A) < 1 and p(>. A; @ A))Y/2 < 1:
-1

1

05

=05+

Figure: Single variable Figure: Multivariate
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A Free Strong Szeg6 Limit Theorem

Theorem (Jury, Roman, v.R.)

Given g-tuples square matrices of (Aq,--- ,Ag), and (B, --- , Bg) of size
k x k, and ¢ x ¢ respectively. If

g g
p(ZA,-®A,-><1, p(ZB,-@B,-><1,
i=1 i=1

then

—1
g
lim Ey [detLA(U) LB(U)*] = det (Ik®IZ_ZAi®Bi> .

d—o0 z
i=1
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Proof Outline

Main Tools

© Second-order asymptotic freeness

@ Concentration of Measure

© Strong Asymptotic Expansions (Strong Convergence)

@ Spectral Information of the Limiting Operator
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Spectral Information of the Limiting Operator

@ Denote by
N Fp — UP(Fy))

the left regular representation of the free group.

@ The reduced C*-algebra
Ci(Fg)

is the C*-algebra generated by A(Fy).

@ Denote
uj = /\(’Yi)

which we will refer to as free Haar unitaries.
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Spectral Information of the Limiting Operator

g
Free probability says that >~ A; ® u; is the correct limiting operator for
i=1

S (d)
the random matrix ) A; @ U;™.
i=1

Theorem (Jury, v.R. - 2025)

Let Ay, ...,Az € Mi(C). Then the spectral radius of the operator
g . 1

A; ® u; is given byp( Y ARA )2.
=1

I
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Further Questions 1: Other Ensembles

Recall the main tools:

© Second-order asymptotic freeness
@ Concentration of Measure
© Strong Asymptotic Expansions (Strong Convergence)

@ Spectral Information of the Limiting Operator
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Further Questions 1: Other Ensembles

Haar orthogonal random matrices
@ Second-order asymptotic freeness
o Haar orthogonal random matrices are real-second order
asymptotically free [14].
@ Concentration of Measure

o Haar orthogonal random matrices satisfy a concentration
phenomena [13].

© Strong Asymptotic Expansions (Strong Convergence)

o Haar orthogonal random matrices satisfy the strong
convergence phenomena [4].

© Spectral Information of the Limiting Operator

o In progress.
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Further Questions 1: Other Ensembles

Non-selfadjoint Gaussian random matrices

@ Second-order asymptotic freeness

o Follows from the selfadjoint case [16], and second order limit
are called "circular operators".

@ Concentration of Measure

o Follows from Gaussian concentration [1].
© Strong Asymptotic Expansions (Strong Convergence)

© Spectral Information of the Limiting Operator

o The spectral radius computation hold for "circular operators"

[6].
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Further Questions 2: Higher order Szegé Asymptotics

We have shown

log Eq [det La(U)La(U)*] = d log det(AoAg)

-1
g __
+ log det (Ik ®Q I — ZAN, & A;) +0o(1)

i=1

@ One may ask whether there exists a systematic expansion in %, and
if so, what the next coefficients in the series would be.

@ In the single-variable case [18] the error term is O(e~89), thus no
further coefficients.

@ In the multivariate setting the rate of unitary fluctuations is
T 1 . .
significantly slower, of order O(H) compared to the single-variable
case where the asymptotics stabilize in finitely many steps.
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Thank You For Listening!

1928 1965 1983 2006 2022
‘\A/is’harf Ginibre Voiculsecu Jgﬁa(jzson Mingo-Speicher  Parraud
[ l i | ‘ '

| | T N
1955 1967 1991 1994 2005 2014
Wigner  Marchenko- Voiculusecu Tracy-Widom HGG{EYUP' Collins-Male
Pastur Speicher Thorbjorson
Diaconis-

Shahshahani

Figure: Historical Progress of RMT and Free Probability
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